The mean perimeter of some random plane convex sets generated by a
  Brownian motion by Letac, Philippe Biane Gérard
ar
X
iv
:0
90
5.
22
56
v1
  [
ma
th.
PR
]  
14
 M
ay
 20
09
The mean perimeter of some random plane onvex
sets generated by a Brownian motion
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†
Abstrat
If C1 is the onvex hull of the urve of the standard Brownian motion in the
omplex plane wathed from 0 to 1, we onsider the onvex hulls of C1 and sev-
eral rotations of it and we ompute the mean of the length of their perimeter by
elementary alulations.
I Introdution
If C is a ompat plane onvex set, denote by L(C) the length of its perimeter. Let
B(t) = (X(t), Y (t)) be a standard Brownian motion in the plane and denote by C1(t) the
onvex hull of the urve
B = {B(s) ; 0 ≤ s ≤ t}.
This objet has been onsidered by Paul Lévy (1948), pages 239-240. The rst author
a long time ago has alled attention on the fat that the mean of L(C1(t)) is
√
8πt in
Leta (1978). Here we onsider the symmetri onvex hull C2(t), namely the onvex hull
of C1(t) ∪−C1(t). The onvex set C2(t) should not be onfused with the Minkowski sum
C1(t) + (−C1(t)), whih is bigger. By saling we an guess the existene of a onstant
ℓ2 suh that E[L(C2(t))] = ℓ2
√
8πt. Similarly we onsider random onvex sets obtained
in the following way. We let Ω ⊂ [0, 2π[ be a set of angles and CΩ the onvex hull of
∪ω∈ΩRωB, where Rω is the rotation of angle ω. Again by saling there exists a onstant
ℓΩ suh that E[L(CΩ(t))] = ℓΩ
√
8πt. We shall ompute these onstants when Ω is equal
to one of the following sets
{0}, {0, π}, {0, π/2}, {0, 2π/3}, {0, π/2, π}
or
{0, 2π/3, 4π/3} {0, π/2, π, 3π/2}, [0, 2π[
giving the result either in losed form or as an expression whih an be evaluated numer-
ially.
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II Computations
II.1 Preliminary remarks
Given a ompat onvex set C in the Eulidean plane R2 onsider its support funtion
hC as the funtion on R of period 2π dened by
hC(θ) = max
(x,y)∈C
(x cos θ + y sin θ).
It is well known (see Leta (1983), formula (7.2) for a proof without regularity hypothesis)
that the length of the perimeter of C is
∫ 2pi
0
hC(θ)dθ. This formula is generally attributed
to Cauhy. Let Ω ⊂ [0, 2π[ and dene hB(θ) = max0≤s≤t(X(s) cos θ + Y (s) sin θ) and
hΩ(θ) = sup
ω∈Ω
hB(θ + ω),
then rotation invariane of the law of Brownian motion implies
E[L(CΩ(t))] = 2πE[hΩ(0)].
Let PΩ be the onvex set dened by the inequalities
x cosω + y sinω ≤ 1;ω ∈ Ω.
In other terms, PΩ is the intersetion of half planes whose boundary is tangent to the
unit irle. Denote by TΩ the rst time where Brownian motion exits this set. Then a
saling argument shows that hΩ(0) is distributed as T
−1/2
Ω . It turns out that in several
ases the Laplae transform E[exp(−λ2
2
TΩ)] is given by a simple formula. Under suh a
irumstane
E[hΩ(0)] = E[T
−1/2
Ω ] =
√
2
π
∫ ∞
0
E[exp(−λ
2
2
TΩ)]dλ
and
E[L(CΩ)(t)] =
√
8πt
∫ ∞
0
E[exp(−λ
2
2
TΩ)]dλ. (2.1)
II.2 Some easy ases
II.2.1 Ω = {0}
The time TΩ is the rst hitting time of 1 for a linear Brownian motion, and
E[exp(−λ
2
2
TΩ)] = e
−λ. (2.2)
The Laplae tranform an be inverted to give
P (TΩ ∈ dt) = e
−1/2t
√
2πt3
.dt (2.3)
Using (2.1) we get E[L(C1(t))] =
√
8πt. As expeted: lΩ = 1.
2
II.2.2 Ω = {0, π}
Now TΩ is the exit time of linear Brownian motion from the interval [−1,+1] and
E[exp(−λ
2
2
TΩ)] = 1/ coshλ (2.4)
with density
P (TΩ ∈ dt) = π
∞∑
n=0
(−1)n(n + 1
2
)e−(n+
1
2
)2pi2t/2dt (2.5)
and distribution funtion
P (TΩ ≥ t) = 2
π
∞∑
n=0
(−1)n
n+ 1
2
e−(n+
1
2
)2pi2t/2
(2.6)
see e.g. Biane, Pitman, Yor (2001). Using again (2.1) gives
E[L(C2(t))] =
π
2
√
8πt.
Thus ℓΩ =
pi
2
.
II.2.3 Ω = [0, 2π[
The set PΩ is the unit irle, and the time TΩ is the rst hitting time of 1 by a Bessel
proess of dimension 2, therefore
E(e−
λ2
2
T1) =
I0(0)
I0(λ)
(2.7)
where
I0(2z) =
∞∑
k=0
z2k
k!2
is the Bessel funtion. Thus
ℓΩ =
∫ ∞
0
dλ
I0(λ)
.
A alulation by Mathematia (thanks to Daoud Bshouty for that) gives ℓΩ = 2, 08323..
II.3 A one of angle π/3
We onsider the ase Ω = {0, 2π/3}. Therefore TΩ is the exit time from a one of angle π/3
tangent to the unit irle. In this ase one an use results from Doumer and O'Connell
(2005). There, the exit time from the one x1 > x2 > x3 in R
3
, starting from the point
(x1, x2, x3) is expressed as
P (T ≥ t) = p12 − p13 + p23
3
with pij =
√
2
pi
∫ (xi−xj)/√2t
0
e−y
2/2dy. Taking the orthogonal projetion of Brownian motion
on the hyperplane x1 + x2 + x3 = 0, with the starting point (
√
2, 0,−√2), one gets
P (TΩ ≥ t) =
√
2
π
(
2
∫ 1/√t
0
e−y
2/2dy −
∫ 2/√t
0
e−y
2/2dy
)
and a straightforward omputation gives
E[T
−1/2
Ω ] =
3
2
√
2
π
and
E[L(CΩ(t))] =
3
2
√
8πt.
Thus ℓΩ = 3/2.
II.4 An equilateral triangle
An interesting ase is when Ω = {0, 2π/3, 4π/3} and PΩ is an equilateral triangle entered
at 0. We will ompute the distribution of TΩ and get a urious identity in law.
In order to do the omputation it will be onvenient to take the equilateral triangle
∆ with verties 0, 1,−j2 where j = (−1 + i√3)/2. Its enter is x0 = (1 − j2)/3. The
ase of the triangle PΩ an be obtained by an anity. The orthogonal reetions with
respet to the three lines bordering the triangle ∆ generate a groupW of ane isometries
of the Eulidian plane, whose fundamental domain is ∆. Using the reetion priniple,
we an ompute the probability transition of Brownian motion in the triangle, killed at
the boundary. One obtains
p0t (x, y) =
∑
w∈W
det(w)pt(x, w(y))
where pt(x, y) is the ordinary heat kernel on the Eulidean plane and x and y are points
of this plane. . If we denote R the lattie generated by 1 and j, then the dual lattie
Rˆ (suh that 〈w, wˆ〉 ∈ Z) is generated by the dual basis a = 1 + i√
3
and b = 2i√
3
. The
plane is tiled by translates of ∆ by R, whih orrespond to diret isometries w ∈ W and
translates of ∆¯. Thus
p0t (x, y) =
∑
r∈R
pt(x− y, r)− pt(x− y¯, r).
The funtion
h(t, z) =
∑
r∈R
pt(z, r)
is periodi in z with period lattie R and p0t (x, y) = h(t, x−y)−h(t, x− y¯). One an apply
Poisson summation formula, i.e. expand it in terms of the haraters e2ipi〈.,rˆ〉 obtaining
h(t, z) =
2√
3
∑
rˆ∈Rˆ
e2ipi〈z,rˆ〉e−2pi
2|rˆ|2t
4
Let us now integrate with respet to y in the triangle to obtain the distribution funtion
for TΩ, the rst exit time of Brownian motion starting from x0,
P (TΩ > t) =
∫
∆
p0t (x0, y)dy.
We use the oordinates y = y1 + y2j, 1 ≥ y1 ≥ y2 ≥ 0 on the triangle, with Jaobian√
3
2
and rˆ = ma + nb on Rˆ, then
〈y, rˆ〉 = my1 + ny2, 〈x0, rˆ〉 = 2m/3 + n/3, |wˆ|2 = 4(m2 +mn + n2)/3.
Furthermore, by periodiity∫
∆
h(t, x− y¯)dy =
∫
∆
h(t, x− j − y¯)dy =
∫
∆¯+j
h(t, x− y)dy
and the triangle ∆¯ + j orresponds to the oordinates 1 ≥ y2 ≥ y1 ≥ 0. Let us ompute∫
∆
h(t, x0 − y)dy =
√
3
2
∑
n,m
e2ipi(2m/3+n/3)
∫ 1
0
dy1
∫ y1
0
e−2ipi(my1+ny2)dy2e−8pi
2(m2+mn+n2)t/3
It is easy to see that terms with n 6= 0, m 6= 0, m + n 6= 0 give 0 ontribution. Also the
term m = n = 0 will be anelled by the other integral. The sequene m = 0, n 6= 0, gives∑
n 6=0
e2ipin/3
∫ 1
0
dy1
∫ y1
0
e−2ipiny2dy2e−8pi
2n2t/3
=
∑
n 6=0
e2ipin/3
∫ 1
0
1
2iπn
(1− e−2ipiny1)dy1e−8pi2n2t/3
=
∑
n 6=0
e2ipin/3
1
2iπn
e−8pi
2n2t/3
The sequene m 6= 0, n = 0, gives∑
m6=0
e4ipim/3
∫ 1
0
dy1e
−2ipimy1
∫ y1
0
dy2e
−8pi2m2t/3
=
∑
m6=0
e4ipim/3
∫ 1
0
dy1y1e
−2ipiy1me−8pi
2m2t/3
= −
∑
m6=0
e4ipim/3
1
2iπm
e−8pi
2m2t/3
and the sequene m 6= 0, m+ n = 0, gives∑
m6=0
e2ipim/3
∫ 1
0
dy1
∫ y1
0
e2ipi(−my1+my2)dy2e−8pi
2m2t/3
=
∑
m6=0
e2ipim/3
1
2iπm
∫ 1
0
dy1(1− e−2ipiy1m)e−8pi2m2t/3
=
∑
m6=0
e2ipim/3
1
2iπm
e−8pi
2m2t/3
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The sum of these three terms is
3
∞∑
n=1
sin(2πn/3)
πn
e−8pi
2n2t/3.
The other integral is∫
∆
h(t, x0 − y¯)dy =
∑
n,m
e2ipi(2m/3+n/3)
∫ 1
0
dy2
∫ y2
0
e−2ipi(my1+ny2)dy1e−8pi
2(m2+mn+n2)t/3
Using ∫ 1
0
dy1
∫ 1
0
e−2ipi(my1+ny2)dy1dy2 = 0
if m or n is 6= 0 we see that, exept for the term m = n = 0 the other terms are the
opposite of what we omputed, therefore after some rearrangement
P (TΩ > t) = 3
√
3
∞∑
n=1
χ3(n)
πn
e−8pi
2n2t/3
where
χ3(n) =
2√
3
sin(2πn/3)
is the multipliative Dirihlet harater modulo 3. The density is
P (TΩ ∈ dt) = 8
√
3
∞∑
n=1
πnχ3(n)e
−8pi2n2t/3.
II.4.1 A urious identity in law
Let S be the rst hitting time of 3a by a three-dimensional Bessel proess starting from
a. The Laplae transform is
E[e−λ
2S/2] =
3 sinh(λa)
sinh(3λa)
= 3
∞∑
n=1
χ3(n)e
−2nλa.
Inverting term by term gives the density
∞∑
n=0
6an
χ3(n)e
−2n2a2/t
√
2πt3
We an also use the alternative expression
3 sinh(λa)
sinh(3λa)
=
∞∑
n=1
3
√
3πnχ3(n)
π2n2 + 9λ2a2
6
and invert term by term the Laplae transform to get
P (S ∈ dt) =
∞∑
n=1
3
√
3πnχ3(n)
18a2
e−pi
2n2t/(18a2)
The agreement between these two expressions is an instane of the funtional equation of
theta series. Putting 8/3 = 1/(18a2), or a = 1
4
√
3
we see that the exit time TΩ and the
time S have the same distribution. Furthermore, the Mellin transform of this distribution
is
E(T sΩ) = π
−2s81−s3s+1/2Γ(s+ 1)Lχ3(2s+ 1)
where Lχ3 is the Dirihlet L-funtion assoiated with the harater χ3. Coming bak to
TΩ, the triangle PΩ has sides of size 2
√
3 therefore
E[e−
λ2
2
TΩ ] =
3 sinh(λ/2)
sinh(3λ/2)
.
Using (2.1) we are redued to an elementary integral, and the result is
ℓΩ =
π√
3
.
II.5 The other ases
II.5.1 Ω = {0, π/2}
We have
hΩ(θ) = max{X(s) cos θ + Y (s) sin θ, Y (s) cos θ −X(s) sin θ ; 0 ≤ s ≤ t}.
The trik is to use the fat that (X(s) cos θ+Y (s) sin θ)s≥0 and (Y (s) cos θ−X(s) sin θ)s≥0
are two standard one dimensional Brownian motions whih are independent. As a onse-
quene, using (2.3) we have
Pr(hΩ(θ) ≤ h) = H2(h/
√
t)
where
H(z) = −1 + 2
∫ z
−∞
e−
x2
2
dx√
2π
. (2.8)
It leads to
E(L(Ω)) = 2π
∫ ∞
0
(1−H2(h/
√
t))dh = 2π
√
t
∫ ∞
0
(1−H2(z))dz.
We write
1−H2(z) = 4
∫ ∞
z
e−
x2
2
dx√
2π
(
1−
∫ ∞
z
e−
y2
2
dy√
2π
)
7
By the hange of variables x = zu and y = zv and w = z2/2 we get easily
E(L(K2(t))) =
√
8πt
(
2−
∫ ∞
1
∫ ∞
1
dudv
(u2 + v2)3/2
)
Introdue the funtion (x, y) 7→ g(x, y) dened for x and y in R \ {0} by
g(x, y) =
√
x2 + y2
xy
. (2.9)
A tedious alulation shows that if a < b and c < d with (0, 0) /∈ [a, b] × [c, d] and if
furthermore a, b, c, d 6= 0 we have∫ b
a
∫ d
c
dudv
(u2 + v2)3/2
= g(a, c) + g(b, d)− g(a, d)− g(b, c). (2.10)
From this we get that
∫∞
1
∫∞
1
dudv
(u2+v2)3/2
= 2−√2 whih nally gives that
ℓΩ =
√
2.
II.5.2 Ω = {0, π/2, π, 3π/2}
The method is quite similar to the method used before, but the distribution funtion H
of the maximum of a Brownian motion is replaed by the distribution funtion L of the
maximum of its absolute value, whih an be obtained from (2.6). Still with the previous
notations we have
hCΩ(θ) = max{|X(s) cos θ + Y (s) sin θ|, |Y (s) cos θ −X(s) sin θ| ; 0 ≤ s ≤ t}.
We use again the fat that (X(s) cos θ+Y (s) sin θ)s≥0 and (Y (s) cos θ−X(s) sin θ)s≥0 are
two standard one dimensional independent Brownian motions. We get
Pr(hCΩ(θ) ≤ h) = L2(h/
√
t)
and
E(L(CΩ(t))) =
∫ 2pi
0
E(hC4(t)(θ))dθ = 2π
∫ ∞
0
(1− L2(h/
√
t))dh = 2π
√
t
∫ ∞
0
(1− L2(z))dz.
We now write
1− L2(z) = (1− L(z))(1 + L(z)) = 2
π
∞∑
k=−∞
∞∑
n=−∞
∫ (4k+1)z
(4k−1)z
e−
x2
2 dx
∫ (4n+3)z
(4n+1)z
e−
y2
2 dy.
We are led to the omputation of the integral for xed (k, n) ∈ Z2
I(k, n) =
√
2
π
∫ ∞
0
(∫ (4k+1)z
(4k−1)z
e−
x2
2 dx
∫ (4n+3)z
(4n+1)z
e−
y2
2 dy
)
dz.
8
By the same hange of variables as before x = zu and y = zv and w = z2/2 we get
I(k, n) =
∫ 4k+1
4k−1
∫ 4n+3
4n+1
dudv
(u2 + v2)3/2
. (2.11)
In order to ompute I(k, n) we use the funtion g dened by (2.9) and the identity (2.10).
From (2.11) it is apparent that I(k, n) > 0. To see also that
ℓΩ =
∞∑
k=−∞
∞∑
n=−∞
I(k, n) <∞ (2.12)
we use (2.11) again for observing that ℓΩ is the integral of the funtion (u
2 + v2)−3/2 over
the union of squares
D = ∪∞k=−∞ ∪∞n=−∞ [4k − 1, 4k + 1]× [4n + 1, 4n+ 3]
whih satises D ⊂ A = {(u, v) ; u2 + v2 ≥ 1}. This implies, using polar oordinates
u = r cos θ and v = r sin θ :
ℓΩ =
∫
D
dudv
(u2 + v2)3/2
<
∫
A
dudv
(u2 + v2)3/2
= 2π
∫ ∞
1
r−2dr = 2π.
In order to have some numerial evaluation of ℓΩ one an observe that we have the
following two symmetries: for all (k, n) ∈ Z2
I(k, n) = I(−k, n) = I(k,−n− 1).
This implies that ℓΩ an be written as ℓΩ = S0 + S1 with
S0 =
∞∑
n=−∞
I(0, n) = 4
∞∑
n=0
(√
1 + (4n+ 1)2
4n+ 1
−
√
1 + (4n + 3)2
4n+ 3
)
= 4
∞∑
m=0
(−1)mum
(2.13)
with um =
√
1 + 1
(2m+1)2
− 1, and S1 = 4
∑∞
n=0
∑∞
k=1 I(k, n). Sine (um)m≥0 is dereasing
we an estimate
S0
4
≈ 0.3725...We ompute ℓΩ by Mathematia (we thank Daoud Bshouty
for this) and we get
ℓΩ = 1, 9178...
II.5.3 Ω = {0, π/2, π}
Again the same method gives
E(L(CΩ)) = 2π
∫ ∞
0
(1− L(h/
√
t)H(h/
√
t))dh = 2π
√
t
∫ ∞
0
(1− L(z)H(z))dz.
We write for simpliity L = 1− 2L1 and H = 1− 2H1 so that
E(L(CΩ)) = 2π
√
t
∫ ∞
0
(2L1(z) + 2H1(z)− 4L1(z)H1(z)) dz.
9
A previous alulation has shown that 2π
√
t
∫∞
0
2L1(z)dz =
pi
2
√
8πt and Leta (1978) -or
a diret alulation- shows 2π
√
t
∫∞
0
2H1(z)dz =
√
8πt. The deliate remaining point is
the omputation of
∫∞
0
4L1(z)H1(z)dz. By the same methods as before, the same hanges
of variable x = zu and y = zv and w = z2/2, the use of the funtion g of (2.9) and the
formula (2.10) we get
2π
√
t
∫ ∞
0
4L1(z)H1(z)dz =
√
8πt
∞∑
n=−∞
∫ ∞
1
∫ 4n+3
4n+1
dudv
(u2 + v2)3/2
=
√
8πt
∞∑
n=−∞
(g(1, 4n+ 1)− g(1, 4n+ 3)).
It is easily seen that with the notation (2.13)
∞∑
n=−∞
(g(1, 4n+ 1)− g(1, 4n+ 3)) = S0
2
≈ 0.7450... (2.14)
Thus
ℓΩ ≈ π
2
+ 0.2550....
III Comments
1. The expliit alulations of the paper for the mean perimeter are feasible sine we are
able to have the exat distribution of the support funtions θ 7→ hC(θ) for the random
onvex sets onsidered here. The general ase seems a diult problem.
2. Calulations for the mean areas rely on the formula A(C) =
∫ 2pi
0
(hC(θ)
2 − h′C(θ)2)dθ,
where h′C(θ) denotes the derivative on the left, whih an be shown to exist (see Leta
(1983)) and ultimately of the distribution of h′C(θ) when C is random. This problem was
solved in the unpublished thesis of El Bahir (1983) for C1(t), where E(A(C1(t)) = πt/2
is proved. It is unsolved for the other onvex sets onsidered here, exept for C∞(t) the
smallest irle, entered at 0, surrounding C1(t), indeed
E(A(C∞(t)) = πt
∫ ∞
0
ds
I0(
√
2s)
= πt× 3.06883.
a little more than six times the quantity E(A(C1(t)). Thanks to Daoud Bshouty for the
numerial evaluation of this integral.
IV Referenes
Biane, P.; Pitman, J.; Yor, M. (2001) 'Probability laws related to the Jaobi theta
and Riemann zeta funtions, and Brownian exursions' Bull. Amer. Math. So. (N.S.)
38, no. 4, 435465.
10
Doumer, Y.: O'Connell, N (2001) 'Exit problems assoiated with nite reetion
groups' Probab. Th. Rel. Fields) 132, no. 4, 501538.
El Bahir, M. (1983) L'enveloppe onvexe du mouvement brownien. Thèse de 3ème
yle, Université Paul Sabatier, Toulouse.
Feller, W. (1966) An Introdution to Probability Theory and Its Appliations, Vol 2.
Wiley, New York.
Leta, G. (1978) 'Advaned problem 6230' Am. Math. Monthly. Solution by L. Takás
87, 142 (1980).
Leta, G. (1983) 'Mesures sur le erle et onvexes du plan' Annales sientiques de
l'Université de Clermont-Ferrand II 76, 35-65.
Lévy, P. (1948) Proessus stohastiques et mouvement brownien, Gauthier Villars, Paris.
11
